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Abstrac t

The paper prein’nts i ht ’ d~~ regat ion  of h ot c iugenou s  production in t o

8 ‘omogi nous ono in an economy tII ’scrtbl d by a Ci’n~ ra l Equilibrium mI)del

ol the von Neumann type (a KMT model wi t h  t inal d ntan d).  The r e s u l t i n g

ag~ regated model w i l l  be ol the von Neumann-Leonth ’f type .  WI ’ wi l l

consider two cases , one in which the f ina l  demand is given by a vector

of paraseters , and another case in which we will have a f ina l  demand

function .

Ki L Words: 
.

aF~ rega t ton

expending economy model

von Neumann Model

input-output data

genera ii zed inverses
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~ lntt uducUo~

I i rma that  produc t ’ an homogenous output  ~i r a u s e f u l  device  for  b thi

~~iit tr ic~~t and th eoret i ca l  researc h . It  i s  obvious though , t ha t  we live

in a wot Ed where the produc t of .‘ f i rm in  heteroge nous , and the problem l~

ho~ to t econcile the theory and the “reality. ” In this paper we do not

attempt to give a general answer to this question , and we wil l  r e s t r i c t

our ana]ysts to the case in which the economy is linear .

~imilar questions were raised In the economic literature especially

c e t nec t~ d w i th  the In p u t — o u t p u t  . inn lys i s . Si nc~ of t’  of the  m a i n  ~) ‘~I t1npt iot

of the i n p u t — o u t p u t  analys is  is t h a t  e tch f i r m  p r o d i t t u s  i distinc t hoinogeni is

* 

ow put , it is cLear that some aggregation of the ~~~~ ogenous ~ood - has to e

pet-formed in order to obtain the idealized image ct the economy assumed by

th Leoncief model of general equilibrium . In generil it  has been admitted

th it the’ conditions for “good” aggregat ion are given only by very unrealistic

coti di t ions of complementarity , subst i  tu tabi li ty and I mi lar i t ies  between

Li ms ~~~~~ It should be mentioned that  these s tudi t ’~~ Imp l i c i t l y  de~i i t  wi th a

so iewhat simplier problem . Name l y ,  i t  was assumed t h a t  the ac tua l  ec onomy

pr sents the property of homogeneous production hut  i ts s ize  is too big ant

th - problem was how to reduc e i t  to more manag eable  ~roportions . No w , the

di t en s iona l i ty  problem in itsell might not he an~ leiger a problem (faster

co”iputers , etc.), but the fac t t h a t  the f i rms  have heterogenous produc t i t

is a t if l  a problem .

In  the f i r s t  part of our paper we will preseli t the resul ts  obtained

th ough t s tandard approach to t h e aggregation pro b i m . As i t w i l l  be see’ ,

th ’se rcsults do not diUer very much from the conditions of substitutability ~iid

so on mentioned before .  In the’ second part of the p iper , by Introducing mere

-- ~~~~~~~~ -~~~~~— -~~~~~~~~~~ — 
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structure in our framework, we will approach the same problem in a different

• 
way. Wc will show that under this alternative approach the conditions for

4 consistent aggregation are less restrictive.

In the remainder of this section we will outline the main assumptions

ci our approach. In order to simplify our presentation we will use terms like

mi~ routocJel , mic rovariables whenever we refer to the model and variables that

dc scrib - the ec onomy in which the firms are producing a heterogenous output. f
Following the same convention, we refer to the economy in which each fi rm

produces a hoinogenous output as the macroeconomy and respectively macroniodel,

macrovariables and so on.

1- or the microeconomy, we assume that the technical pro’lucti’)n possi-

bi litie~- of each firm are described by an activity analysis p roduction function.~ ”

Ii this way we allow joint production for a first but we make our analysis

sintplier due to the constant returns to scale and the additivity properties

possessed by this type of production function. Given this particular form of

tie production function, we further assume that by aggregating all the goods a

given f r m  produces into one good (which we will call “product”), we obta in a new

F i n n  (wi ich we will call “sector”), whose production possibilities are described

b- a ne~ linear production function which d i f f e r s  from the firms production function

iii only one respect: the sector produces only one product which is unique,

i.e. it is not produced by any other sector. It is clear th in, that the produc-

tion po sibilities of each sector are described by a Leontie~ production

fi nctiot. It can he noted that up to here our approach follows the approach

ot tim e-I by Klein.~
1 Namely,  he required that the production function which

Ct ntains aggregated data should be of the same form with the production functions

f i ~ mt the micromodel. In the same paper , Klein requi red also that the maximizing

— • - - -:--
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beh aviot of thit- microfirm~ shouLd he “transferred ,” through t h e  aggregat ioti

fw-ctioit , to the inacro f i rms .~’ It is h ere that we add m ore s t r u c t u r e  to t i e

ap~ roach to the aggre gation problem; we assume that the f i rm s are not on ly

ma,imiz ng their pr olits l o t  g i v e - n  p r i t t ~~ , but more than that , we assume th at

the microeconoiny is in eqetilibr i~un and so the pr iecs are also determined .

Gi~ en the form of the production function of the finn s , the e~ui librium in the

mic roec )flomy I then desc r ibed by a general equi l ib r ium model of the von Ni tunanm

var i ety . namely a I~4T model .~’ It should be ment i oned that t e  aggregatlot in

lUll mode ls was never stud i ed b e f o r e  frost this point of ~-i ew.~

In order to tol low in the spiri t of Klein ’~; approach , e requi re th• t

the equ i l ib r ium in the mae romodel should have the ~une charac eristics as the

e q u i l i b r iu m  re l a t ions  from the microm odel- - the  q u . i nt i t i t s  produced by the

sec tors and the pr ices  of the products should be determi ned s tch that the

demand for every produc t is s a t i s f i e d  m d  the economy is growing uni formly  and

efficie ntly (using Koopman ’s t erm) . 2’ As said b e f o re , the same charac ter i s t ics

det  t’rm i te the equi l ibr ium prices and qti a n t i ti e~t in the micromodel , and so they

ha~ e to appear at the m acto  leve l too . Under the e c i rcumstances , we assume’

th . I t hi  e q u i l i b r i u m  in t im e macroeconomy is desc r ib ed  by a von Neumann-Leo it ie l

moe el)~ It should be mentioned that  though the connections between var io cs

Lee’ntie~ type models has been s tud i ed  qui te  in tens ive ly ,  the connection between

the ~ 1T model and a von Netunann - Leonticf (vNL) model has not been studied

befo re . For fu tu re  re ference . it should be mentioned that sinc e each sec tor

prod uce a unique produc t , the e quil ibrium condit ions in the von Neumann-Leont ief

moi~el d ’scribc the exchange that  takes p lace between sec tors under the asstmtp-

tion th it the exchange between ~u iy two sectors is pioportion~ 1 to iome f ixed

non-negative r ea l  number .

__________  • - • - - ---- - —- • - - — -
~~~~~~~~- - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -



- .- - ——~~~~— —— ~--~~~.- ~~~~~~~~~~~~~~~~~~~~ 
-
~~
-

~‘~~~
- - -—

~~~~~~~~~~ 
:--- --

~~~~ 
- —- --—-—----- •—-- .- -

~~
-- -  — -.• — 

~~
-•-•--——-— ‘—rn-— 

~
— --.-

~~
-- - —- -------- •,

~~~~~~~
,-_ --

rr .•

~

‘ -- - - - - -  -_ _ _ _

-4-

Because of our general equilibrium approach , we have to complete cur

model by specifying the consumption side of the microeconomy . Introducimig

comi -e umpt ion in a von Neumimann type of model is not a trivial matter and It

see’ns that the better insight this type of models give on the production side

of the economy is paid with a rather formalistic approach to the consumption

sid~ of the economny .~~
1’ In our t’~p~ r We• consider two ways of introducing the

pub lic ’s demand for goods in our micromnodel.

In the first case we simp l y assum e tha t  the ’ demand for each good s ;an e

unknown non-negat ive real number , and so the demand of t im e whi le  economy is a

vec tor of non-negative real parameters . Consequenil ’ , the dei~and tor  produc ts

wi l l  be also represented by a vector of parameters of a smaller dimension. Not

unexpec t edly , the conditions for consistent aggregation requi re the

exchang e that  takes place among the firm s of the KNT economy to have a very

r e s t r i c t i v e  l inear  form . We argue that the strong conditions for  consis tent

aggreg at  ion we obtained in this  ease’ art ’ due to two fac tors :  on one han I we

require  that t ime  microvarlab les  (the prices of the goods) and the

mic -opat -uneter s ( the demands for goods ) to be aggregated in exact ly  the -tame way ,

and on t i m e  other hand we require the aggregation procedure to rea l i ze  a t on-

sis tent aggregation for  a very Lirge range of values of the d- ’mand .

In  order to show that , in the second case , we wil l  assume that  the const~~~ti n

side of the economy is described by a vec tor of functions and we wi l l  redefine

accordingly the equi l ibr ium conditions in the microeconomy . 3y taking advantage

of this more structured framework , we wi l l  show ti - m t there ar~ IUIT models whose

form of trading is other than linear but which can be aggregated to vNL model

because their  equilibrium values are as if the t rading was l inear.  

________________________________
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The paper proceeds as follows . In section II we introduce our models

ant we study the first case in which the demand is given in parametric for-rn.

In section III we study the second case and in section lv we will presen t a

cosparison of these two cases. Section V presents our conc luding remarks .

II. The Parametric Demand Case

In the first part of this section we introduce our models and some def-

initions, while in the second part we give the necessary and sufficient condi-

tu na for consistent aggregation for the case in which the final demand is a

vec tor of par am eters .

11.1 As mentioned before we assume that the firms of our microeconotny Lire in

lorg run equilibrium and the economy is on a uni form rate of growth path-- the

prices and output are growing at a unique c ons tant r ate .

We assume that our microeconomy consists of in firms which are producing

n goods, and joint production is possible in the economy (is < n). The

proiuct on takes place during an infinite number of time intervals of equal size

and the economy is allowed to grow from one period to another at a cons t ant

rate. That means that the state of the economy in any future period is propor-

tional to its state in the first period . Each good is charac terized by a rela-

tive price , where the numeraire is such that the sum of all the relative prices

is equal to one. Each firm is characterized by an intensity , where the intensity

for a first expresses the relative weight that  partic ular fir-n has as compared

to the other firms from the output point of vi ew . The sum of all the intensities

is equal to one.

These three variables has to be determined such that: the supply from

every good exceeds the demand from that good (2), each firm has to make

______- 
- --- -~~~~— ~~~~~~~~~~ -~~~~~~~~~~~
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a nega t ive  or zero “profi t ’ (3), in equilibrium the free goods (goods ar.

which tI~ supply exceeds the demand ) have zero prices and the inefficient

firms ( i rma that have strictly negative profits) are not run , i.e. their

intensities artm equal to zero ( - ‘i). In order to oh tain meaning ful economi c

so t u t io mi -m , we wi l l  assume that  over all the econoniy , somncthin~ of val ue s

produce l (5 ) ~~~
fh

’

\- said before , for this case we will consider that tht demand for good

is represented by a n-dimensiona l row vector of non-negative parameters . This

amo unt s to assuming the demand for consumption goods is equal to the demand

I or saving gooda ..L_’ The equilibrium in the microcconomy is hen summar i zed

by the following relations (a I~1T with final demand model):

k k( 2) q(B -nA ) ~d (s upp ly exceeds demand )

(3) (B~aAk )p < rfd
kp (profitless condition)

(4) q(g_~~k)p ~~~p (zero  prices b r  overprodu ced goods
and zero intensities lor inefficient
firms )

(5) qBp > 0 (something of value is produc ed )

(6) p ,q > 0 , q f ep 1

wher e:  mu is the number of fi rms

n is the number of goods , m -
~~ n

a is the growth factor

q is an (l,m) vector of intensities

p is an (n,l) vector of relative prices

B is the (m ,n) matrix of output coefficients .

The (i,j)-th entry represents the amount of the j-th
good produced by the i-th f ir -tn  when fir -tn i is run at
unit intensity level.

-
~~~~ 

-- — 
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is the (m,n) matrix of input coefficients.

The (i,j)-th entry reprsents the amount of the j.th
good needed as input by the i- t h  fir -u t when fi rm i
is run at uni t inten~- it y level.

is the (l ,n) vec tor of demand , where the i - ti  ent!y
represents the public ’s demand from good i.

is a rn-dimensional vec tor whose entries are all oqual to 1.

is a n-dimensional row vector whose entries are .11 equa l to 1.

It can be noted that in equilibrium the quantities from each good

produced by a first are determined but nothing is said about how the actual ex-

change of goods takes place between firms .

We want now to aggregate all the firms in mi sectors , and the goods into

products , such that one sector produces only one product and this produc t is

produced by no other sector. We do this in order to achi eve -ì Leontief type

model. We will assume that the number of sectors is equal to m and so the

mac roeconomy equilibrium output is given by m intensities , ‘there the intensity

of a sec tor has the same meaning with the intensity of a first . Since each

sector produces a distinct product we will have in products, each of which is

charac terized by a relative price. As mentioned before , this will be the only

d i ft e renc e between the microeconoiny and the macroeconomy and mo , in equilibrium ,

the output and the prices of the macroeconoiny are also going to grow at a constant

rate.

Under these assumptions, the equilibrium in the macroeconomy will be

summarized by the following relations (a vNL with final demand model):

(7) q(I-czA~) >  cyd~

(8) (I-crA~
’)p < a~fd%

Hil ~~~LLI i I_ 
~~~~~~~~~~~ 

~~
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4..( 9 )  q(I -crA )p ~d p

( 1 0)  qp 0

(ii) q,p > 0 , qf p e l

where: is is the number of indus tries and the number of products ,

o is the growth fac tor ,

q is the (l,m) vec tor of intensities of sectors ,

p is the (m,l) vector of prices and products,

is the (m,mn) matrix of input-output coefficients .

The ( i ,j)—th entry represents the output of the j—th
• sector used as input in the i-th sector when sector i

is run at unit level intensity ,

f is a rn-dimensional column vector for whose entries are
equal to one,

e is a rn-dimensional row vector all whose entries ire
equal to one ,

d~ is the (l rn) vector of final demand for products .

It can he noted that in this model the answer to thc question: “who supplies

vimoam ?” is clear because for e-ch product there is only one supplier and all

t I~~ other sectors are demanders .

Let us now introduc e a Formal definition for consistent aggregati on:

Definition l~-~-’ Let (~
k qk pk) be the solution 01 a I~4T model (B,Ak) with

final demand dk , and let (a~ ,q~ ,p
4’) be the solution of a vNL model (I,A) with

final demand d~ . Then (I,A~
’) is a consistent aggregation-disaggregation of

(B ,Ak ) i f f  it exists a matrix A such that for any 4 > 0 we have: p4
~ 

Apk,

— ~k q t. qk , d t 
— dkAg , and for any d~~> 0 we have: cyk ~.4 q

k 
= q4.’

— ~~~~~ dk — d~ A , where: is the generalized-inverse of A , A and ~~

are non-negative , and 4 is a row vector containing m entries of

_ _ _ _ _ _ _ _ _ _ _
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I t  t s  c i t -a r  tha t  our d e i in l t i o n  b r  consislemit aggregation is cou,si-;tent

wi th the standard definition For consistent aggregation . Nomely . it says

t im -m t ror consistent aggregation there should be a mixed aggregation procedure

(time matrices A , A~) such that for any value of the final demand the t ore-

c.’ ~ts of the vNL model are the same as the “true” equilibrium values given by

tIu .~ KMT model. It should be noted that under thi . definition i t  doesn ’ t m a t t e r

it the forecast-; are made at t i m e  micro level or am the macro level .

11.2. The followi ng theorem will give us the necessary and sufficient conditions

b r  a consistent aggregation between the rnicroecononmy ar ; the mimac roevonomy .

Theorem_ I. ’~~ Let (B,A
k
) be - ‘ I~’4T model with fi i i a~ d emand , and unique growth

r a te , and B ,A k 
~ 0.~~~ Then t i m e r e  is a vNL model with final demand (I ,A~ )

which  is a con s i s ten t  aggrega t ion-d i saggrega t ion  u t  (B , A k
) 1f f :

( a )  rank (B)  — m

(b) 8g~~~0

( c )  ~~~~~ = A K.

wiu ’re: is the generalized inverse of B, AK Ak + fd k
, I is a rn-dimensional

column vec tor whose entries are all equal to one.

Proof: Let (~~g p
k
) be the solution of the i~’iT model (B,A

k). If (B,A
k)

m~~ a consistent aggregation of (I,A~), it follows that:

3A: dk d4’A , ~k 
= ~~~~~ A > 0 , ~~ 0.

i ing this , the relations (1) - (6) can be rewritten in the form:

- ~~~~~ .
~
. 0

(~~ g 
- ~~

KAs) k 
~
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- ~~K~~ ) k 
= o

~~~~~~~ 0 -

H -
g,p 0

where: A
K 

A
k 

+ fd k, f is a rn-dimensional colum n vector whose entries are

all equal to one. By assumption , the model (BA8,A
K
AS) is a vNL model , so

I. This implies that:

0 ‘~ = and rank (B) =

and so we proved that the conditions (a) and (b) -in ’ necesaary .~~ In order

to prove that the condition (c) is also necessary , Let (~~,g,p
1’) he the

solution 01 the vNL model (I,A
L) which is a consi ;tent aggregation of (B,A

k
).

Ftom the definition of consistent aggregation it folliows that:

aA : d~ = ~k~g 
~~ 

= Apk, A 0, ~~ :

LI- ;ing this , time relations (7) - (11) can be rewri tt ’n in the form:

g(A - ~~L
A) > 0

(A - ~~
LA) k 

~ o
L k

g(A - ~A A)p = 0

gApk > 0

g, ~
k > 0,

where: AL A1’ + fd t
~, f is a rn-dimensional column vector whose entries are

all equa l to one. From the condition that (I,A
L) is a consistent aggregation-

disaggregation of (B,A
K) for any 4 > 0 it follows that the models (B,A

K
)

and (A,A
LA) coincide. We have assumed that the rank of B is given by

-

- _ _ _  _ _ _  

A 
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the first in columns and 4 is a rn-dimensional row vector whose entries

art equal to the f i r s t  m entries of dk. That implies that:

B = A  and A1’= A ”A .

From A1” = ALA , and rank (B) mu , and B = A one can show that:

= A
L 

an~1 A1S~~B = ALB

anSI so ~~~~~ AK , which proves that condition (c) is n ecesm ;ary .

In order to prove uhe simil icien cy part , let (v , t , p
k) be a solution

of (B,A 1’). Then t ram (l)-(6) mine can show:

- ~~~~~ 0 by (a)-(c)

(I - ~~~~~~~~ < 0 by (c)

g(I - ~~K~g)~~
k 

= I) by (c )

gBp
k > 0 .

By making the substitutions A
1
~ = A KBB , and p1’ = 11p k , and d1’ = ~~~ it

follows that b r  any dk 0, (v ,g,Bpk) is a soi l ion of th~ vNL mode]

(I bec;iims c B > 0 imp li  - ; that  p1’ — Bpk 
- 

i i . s imil~’r ly , ]et

(~~.g, p1’) be t i m e  solution of t im e  vNL model (I ,A
K
R~ 1 I’hen ft )m (7) - (11)

on~ can show t hat :

g (B~~~c~A
K)>O  by B > 0 , ( c )

(B - Q~ K
)~~~~1’ < 0 by (a)

g(B - ~~~~~~~~ — 0 by (a)

gBB~p1’> 0 by (a)

~

-

~

--

~ 

~~~~~~~~~~~~~~~~~~~~~~~ 
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Le’ ~k ~~~~ d~
’ d1’B. It b u o y s  th a t for aimy d1’ ~‘ ti , (i ,g,B~p~~ ii a

so lution of thu KilT immo dul (B ,A 1”), bec ause  i~ o imp lies t tum t — (%~p t 0.

Q. I • 11~

A - a cot umI l *r v  of  Theorem 1, one can prove v~ ry easily timu’ Form ~ i i ’

ag regat d ~o1u,ttons .

Co ol ta t ~ I .  I ‘nuter the h~ pothu ’s m s o t~ rheorem 1 i t we have  u-ons I sI  “nt :;g -~r~-g ~
—

t bun thvmm the I ~ roamode I and the  mac rmmmode I have the s am~’ rati 0 t g rowth  (a

m i  the --gmu’ tutensi ties (g) and the r elat ion between t h e  nil c r u ipr i ces  )

m l  the niacroprices (pt’) are as given b~ the formula:

4. 1 k (I ,mu ’b
p — ~~~~~ Hp . C! — (l,..., l~ t

i’Hp

~Ii~ result’- show that tl~ aggregated prices - re going t o  be :1 weigh t ed

of lime mic m- opri ce~ , where I l ie f t  xe~i weights a t e  given liv he m a t v t  x B ot

output eeffict emit s.

1 ii order to get an interpretation o Theorem 1 , we have 0 look at  he

net  exchange in the two ct -onom es , where by net ex ch ang e we w t  11 un ders t an d

th ‘ exch ange tha t  t akes p lac e between firms (sectors ) m ie t  01 t h e  ~~~ produc t Ion

of the t I rms ~-;ec t o rs ) .  then the net exchang e in t h e  KilT ecoutciuw i, i~~) I s :

K K
E • Q( B - 

~~~~ 
)

wit tr e : Q is a (m im ,mn ) seil tar  rn - i t  c ix whose on— d i ag.m m l.m 1 emit r i  e~ .-m m e g I von h~’

tim int ’nsi t i e - ;  ci m the t~ I rams m u d  A 1¼ has the smm~ mtme.mning .i~ I n Thmociri’mmm 1 •

The net exchanu~c i n  the v tlL economy (E L ) I t :

• Q(I — ~~l~)

where: Q is a (mn ,m) scalar mat r i x  whose on—diagonal entries a t - i’ given b~- t he 

- - -~~~~~~
-

~~~~~~ — - - ___
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intensities of the sectors , A
L 

At + fd4., t~ is a rn-dimensional column vec tor

whose entries are a l l  equal to one .

ttsing these notations , the consisten t &mggre~ation between the mic romodel

an-I the macromodel imp lies that  EK EL B for any f i n a l  demand . This t onnu la

shows tha t  the output front each good produced by t h e  economy (each column ol B)

is distributed f rom suppliers to denmanders according to a linear rule (EL)

which i~ the saute for each of the ii goods produced in the microeconoiny.

tefore going tQ the next section let us atmammarize the resu l t s  ob t a in ~ d

in this section . Due to our insufficient knowledg~- of tie demand side i f  t i e

market , v i-ry strong assumptions h ave to he imposed in order to

make th~ vNL net exchange consistent wi th ~~1T net - - change . Secondly, the

aggregation funct ion ( in  our case  the matrix B) is  given by the mnicroe i - onomi y and

not exogenous ly imposed . Thirdly , the aggregation unction is independent

of the quantities demand , and f t  is un i que for a gi~ en microecononmy .

~~~L~~l h ~~ Demand Function Case

In the f i r s t  par t  of thi s section we introduc e an e x p l i c I t  deman~l

futmcti~.’mi and we study the conditions for consistent aggregation in the redefined

mniu- romodel. In the second part we will discuss the new results  obtained .

111.1. Let us now introduce the demand of the pul l c b r  cona m~~tion good

and saving goods:

y q(B-A
1
5, where q , B, Ak have th~ an t e meaning as in ( 2 ) - t i ) .

Sinc e qB represents output , given inputs qAk, i~ follows that (qB-qA ~~

is the production of goods that  are in excess ovem L h~- amoumt needed to uma in-

tam a stationary economy (including the reproducti on of workers) .  In order

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~r’~r -~~ -_ _ _ _ _ _ _ _ _
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to be consistent with  the consumption-saving pattern implicitly existin g in time

~ 4T wi th f ina l  demand model , let us assum e that the public coni- umes -is muc h as i t

saves .1~~ Let ut denote by c m d  s the  consumption amid c a p i t a l  -uc cuin ul a -

tion (savings ) cod fi c ient s , where c amid a are su ci m t ha t :

c + s l , O - ~~c ’~~l , 0 < s ’ l

Then our assumption regarding the consumption savings behavior ci t  the public

implies tha t :

1c — a • ~~~~.

Under these circumstances , then the publ ic  demand or consumption goods (dk.l ,

is given by the formula :

d~~ q)  ~ q ( B  - A k )

By subst i tu t ing dk (q)  in ( 2 )  - (6) and by denoting:

A K 
— -

~~ (B + Ak )

the equilibrium relations (2)-(6) can be rewritten as:

(2’) q(B_c~A
K) 0

(3’) (B_ ~~
K )p 0

(4’) q(B_o~A
K)p — 0

( 5 ’ )  qBp~~ 0

(6’) q,p > 0 , q f • ep — 1



_ _ _  
_ _  

~~~~~~~~~ i
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Th a is the mic ro economy and - u s  i t  can be seen, it t akes the form of a

s t -mndard KilT model.

* We want now to aggregate the KilT economy to  a vNL economy:

(7 ) q(1_1~~L) > Q

• ( 8 )  (I~~aA
L

)p < O

L(9 ) q ( l -~ A )p = 0

(l i)’) qp “
~ 0

( 11 ’)  q ,p  0 , q f  ep I

where q ,  p ,  ~~, I , e , f , have t h u r  same meaning as i n  ( 7 ) - ( l l ) .  A~ in 11.2

we wil l  require the  aggre~ atioum LO be suc h that :  . 1m w vNL so lu t ion  is  an

ag~ regat ion of the  Ki4T sc i u t i o u m , and souuim ’ KilT s o l u m i  (ins are disa ~gr egation

of the vNL solutions . -

De inition_2. Let (~ k qk p
k) be the solution o~ - u KilT modu l (B ,A K ) ,  and

le;  (~~~,q t ,p t ) be the solution of a vNL model (I,A
L
). Th.-n (l ,A

L) is a

co tsistent aggregation-disaggregation of (B,A
K) i t  F there i s  a matrix A and

a unction if such that )d 1
t qk q’

~ ~k 
= ~\~j)t dk f(d~ ) and

— Ap k , d~
’ f

l (d k), where is the generaiLted invetse of A , A and

are non-negative , an f ’ is the inverse fumme m ion of I .

]t should he notcu in t i l e  above definition t i u t  in t h i s  case we irnpose

a ;pecif Ic forum onl y on t h e  ag~ m- egat ion for the m i m - r o v a r i a b l u  s whi le le t t ing  the

ag ~regation of the final demand- ; to be performed h y some unsi e c i f ie d  f u n c t i o n .

Gi ‘en these requirements the ne~ t theorem will gi~- - i t s some u f f i c  Lent cond i-

ti-,ns for  consis tent  agguegat ion -disaggregat ion .

_ _ _  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-~~~-___ - - - ~~~~~~ - - - - - —~~ ~~~~:~~:ii 
- -

~~~~~~~
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Theorem_2. Let (B ,AK ) ~e a MIT model wi th unique growth rate and B ,A K >

Ii (B ,A K ) is suc h that:

(a )  rank (B) m

(b) &‘ —‘ O

(c ) = AK

then there is a vNL model (I ,AL ) which is a consistent aggregation-dis.mggre~ation

of (B ,A K).

Proof: It is a rei terat ion of the suf f ic iency part  of the proof of Theorem I.

it is obvious that , in this case , the necessary condition for consistent

aggregat.ion-disaggregation should be weaker than in  the f i r s t  cast- . In order

tu. ’ see t h a t , let us look at an e-<amp le . In Examp Le 2 (pp . 19), t i e  }~4T model

(b 2 , A~ ) sa t i s f i es  the necessary  c o n d i t i o n s  from I lmu - o r um 2 , while (B 1,A~ )

does not sati s fy these cenditions . However , both models have exact ly ti m e same

Set of solutions , so the vNL model (I ,A~ ) ca n be considered a consistent

aggregation-disaggregatien of th e  KilT model (B 1, A~ ) , in the sens~ of

Definition 2. Then Theoi em 3 will show that this is iways the c- se , i.e. the

conditions (a) - ( c )  Iron Theorem 2 arc consistent with the conditions for the

existenu -e of an KMT mode] which does not satisfy these restrictions but it has

time Sam ’ solutions wi th t h e  model that  sat isf ies  them .

Theorem 3. Let (B ,A K ) be a KilT mode’ wi th unique non-negative u~rowth rate and

B , AK > ~~~. I f (B ,AK ) i such t h a t  i t  sa t isf ies  cond i tions (a)  - (c)  front

Theo rem 2 , then there is at least one I<MT model , ( t
~~A~ ) ~hich h a s  the

follovi ig proper t ies :

(a) (tt
~ ,

A
~
) has exactly the same solutions with (B ,A

K),

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -~~~~~~~~~~~~ -

- 
- 

- 
-
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(b) (B ,A~ ) does not have the properties ( , )  - (c )  from Theorem 2.

Proof. Remark 1. Let H
1 

— B1 
- cxA~~, i — 1,2. Ii two IGIT models with

unique g rowth r ite , (B1,A~ ) and (B2,A~): M
1 

— 

~2 
then (B1,A~) and

(L,4) have exactly the same solutions .-121

~emark 2.  If (B ,A5: it satisfies (2’) - ( 6 ’ )  and B ,AK > 0 then

the growth rate is d i f f e r e n t  than zero .-~~
’

l e t  ~ be the growth r a t e  for the model O~,A
K
). Define (B

~ ,
A
~
):

B~ 
= B -I F , A~ — A ” + E , F e E (m

~
,ut ) 

~ n.

It is w r y  easy to show that :

-

-- the model (B~ ,A~~) has solutions because eB~ > 0 and

A~ I 0 , e = (1, . . .  , l)  €

1 =(i)~ ~~~~

:‘

~~~~

‘ 

.t i e  model (B~ ,A~ ) has a unique growth rate because B
~ + - 0

K
I I  v is the unique growth rate of (R ,A ) then ~ Is also

Kt u e  unique growth ra te  for (B*,A~ ).

Moreover B - ~~K B~ - and so by Remark 1 i t  follows tha t (B ,A K ) and

(B~ ,A~
) have exactly the same solutions . That proves point (a )  of the theorem .

In order to prove point ( b ) ,  we will take special cases for E, and

one can show that  (B~ ,A~ ) does not satisf y (a)  - (c)  from Theorem 2. In order

to show that  rank (~~) ~ m and that B~ contains negative entries take :

‘ : ~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~- - - -~~~~~~~~~~~ - ~~~~~~~~ -~~~~ - - - ~~~~~~~~~ - ~~~-~~~~~~~~~ — ——~~~---— —---



- 

~~~~~~~~~~~~~~~~ __ 
-
~~~~~~~~~~ 

-

-18-

E [S -

. 

- 

] 

€ ~ (m ,n) 
> ~~, m n,

€

In order to show that A~B~B ~ A~ take:

1~l 0 ... 0~~I
E — [E 1 

a] , E1 — 
0 

- 
~2 ”  €~~> o , i —

1 0 m

0 is a (m- n ,m) zero m a t r i x .

Q . E . D .

The relation between the solutions of (B~~,A~ ) and i~ s vNL image are

given by Corollary 3.

Coréllary 3. Let (~~ ,qk ,pk) be the solution of (B
~ ,

A
~
), and let

be the solution of the vNL model (I ,A KEB). Then one can show that  (I ,A KBI~) is

a consistent aggregation-disaggregation (in the sense of Definition 2) of

(B~ ,A~ ) and:

k ~ k o’
- c~ ~~~, q = q

- p~’ — i.~~ Bpk, e — (l,...,l) €
eBp

It should be noted that in this case matrix B is the aggregation matrix rather

than B..

An interpretation of these results is as follows: if the goods satisfy

the conditions of complementarity from Theorem 2 then the censistent aggregati rn

is possible. Due to the fac t that in this case the demand for  goods for con-

s~snption and savings is given by an explicit demand functiort , rather than by

IL. ~1~ - -  
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some unknown parameters as in Section 11 , the conditions of comp lementari ty a re

no longer necessar) . Moreover time proo l of Theorem 3 gives ui a way of

constructing KilT models Lhat do not s a t i s f y the conditions (a)  - (c) of Theorem 2

but haw an vN l. model (I ,AL) which real izes a consis tent  aggregat ion-dis—

agg egation in the sense of D e f i n i t i o n  2.

111.2. The question which arises now is , what interpretation can one attach

to this type of aggregation . In Section II we saw tha t the net exchange be-

tween firms is equal to the disaggregated net exchange between sectors . This

exp lanation i -~ va l id  lor  this ,“;e too. The only di fference 411 be that , in

thi ; case , thu disaggregiut ion m m , mm ct ton  n m i g h t  not be cndogenou - to the micromodel .

For an -xampi - of suc h a case , I t  us s - , u  h ick to I-~~.imn p 1e 2 ( p .  19) , and let us

den .’te the net exchange in the KMT model (B 1,A~ ) wi th E~ , and the net

exc hangt - in i t s  vNL aggregated image ( i ,A~~) w i t h  4. T h n  we have the

following re lat ion :

E~~ ’~~E~~ B2

This relation is s imilar to the relation obtained at the end of the last

section with the only d i f ferenc e , that  in this case , the dis iggregation function

(82
) i - s  not -ndogenous to our uuu icromodel. In oth e r words tie actua l net

K - . - Lexchange in t im e economy (E1
) i - s  cons is ten t  wi th -‘ linear trading rule ( 1 1)

if the econonmv behaves as if it produced output h ; ,, instead of the actual

output (B
1
).

Another property of this type of aggregation is the fic t that the way

we aggregate the goods into products is not unique. In orde r to show that let us

go back to Example 1 (pp. 18), and let us asstmme that our mi~romodel is the Kil’l•

_ _ _ _ _  

-



_ _ _ _ _ _ _ _ _ _  
1.”~

-20-

model (82,45. Then we c-In say that (l ,A~) or (I,A5 are the corre-~pond-

ing aggi~ gated vNl- models. Cons -quentlv the price- of t h e  products can be either

L L
p2 

or

A laat remark is concerned with the robustness oh the results obtained

in :his section. Namely we want to see if the aggregati on function depends on

changes in the demand . Since in this case the demand is given by a function,

• the only changes that can occur in the quantity demanded in quilibrium are due

to ~-hangos in the coefficient of the demand function. At thi s moment we do not

hay detini te results for this problem but it seems that for a very large set

of eases the aggregation procedure is not a f f e c t e d  by ch ma nge - in t he  coefficient

of the demand function.

IV. Discussion

in this section we will review the results obtained in the last two

sec tions.

Though we used a general equilibrium model as a framework for studying

how heterogenous goods can be aggregated into a homogeneous good , the results

obt-min -d in Section 2 are similar to the results obtained for other linear

models. As a matter of fac t , th ough we considered only non-negative values for

the pam- .-imeters, the conditions b r  consisten t aggr ’,~ation are of the same t~ pe

of Klei n’s results.~1-~
’ 

Because of that , the aggregation function in our case

has similar characteristics: it is independent of the values of the paramet:ers

it is unique and it is endogenous for a given micromodel. As a consequence the

macremodel is unique and it can be derived directly from the micromodel once

thc form of the macremodel is given.
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The difterent results obtained in Section 111 are due to two f .uc t ors:

on one hand we allowed the prices and the demand to be aggregated in ditferent

way s , an i on t i e  other han~I we introduced -m demand function instead of the

vec tor o - parmuetric demand. In that c ase the aggregation function is not

unique and it is not endogenous to the mic romodel. A a consequenc e, the

macremodel in itself is less connected with the mi cromnodel than in the f i r s t

cas e . Though we do not have det i u - i te  r e su l t s  about the robus tness of the

aggregauon function to changes in the c o e l f i c i e n t s  ~t the demand funct ion , We

are quite confident that the class of cIma n~,es thm c d e s  not af f e c t the aggre-

gation t unction is quite general .

~~~ Conc luding Remarks

As mentioned in the introduction , one way of exp laining how heterogenous

goods can be aggregated into a homogenous one is based on properties of

ccmplementaritv , substitutability and simi larities between firms . Casual

empirical evidence seems to show that models which asstsne a high degree of

homogeneity for the output of a f in n  or group ot f inns performed qui te  well
-, -) /

despite the heterogeneity existing in the “real worl d” . ~~
-
~~

-

In  the econd section of the paper we perform umed suc h an aggregat ion in a

genera l equilibrium framework w i t h  par .uinetr ic demnanul . and we showed t ha t  the

necessary and s u f f i c i e n t  condi t ions  for consistent -uggregatian are based on

conditions similar to those mentioned above. It should be noted though , that

these conditions imply a potentially observable structure of the trading that

• takes p lace among the firms of the micrcuodel. So, if one observes that the

trading between f i rms has a linear form , then one can look for an aggregation

procedure as required by our Definition 1.

- -  — - -
~~~~~~~~tmr — 

- 
~~~~~ . _ _ _
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Ou t - appr oa~ 
- to  the aggL ~-~- a t  ion problem , .m~ present &d in Se~ t ion  111 ,

is ba- -ed en tw~’ depar tures  frouuu the st~ nd a rd appro ich : on one han - i  we ~v UoweJ

the microvar ia 1t -s ot mode l (the pr i c e  ) and micro i ’arameters  ( the  ve c to r  of

demand ) to be -u ggr egated in  d i t t e r en t  w ay s , and on the other  hand we i n t ’ - eiduc c

a d~maniI func t ion . The f i u c t  that the m i c r ov a r i ab l -s and the unicroparamn t ters a

usually required to be aggregated in the  s.une way t e  more a u t - i t t e :  o t~ c~ tve’n~ e’ t-

than on~- derived f rom the uuicrutnode ’1. -~

The inti-oduction ot the demand t unc t ion i s  e t i v a t e d  I v  euv i n t e u - t  to

approac h the aggregat ion problem as the pr obl em of ex i s t ence  of an t -qui hibri uni

in a general equ i l ib r ium m odel.

The results  of our approach show that the a~ grt -ga t io n p r o c e l ur i - s de-

pendent on changes of the param et ers  of the demand function . This eo~;e i m s i o n

d if fe rs f rom the r esu lts obtai ned th roug h t h e  Thei l - V ~~s ton  i l pr oa -~-i 1~ •

It seem s that  the d i f f e r e n c e comes from the  fac t t h a t  the pr oblem we s tud y is

• 
- 

somewhat d i f f e r e n t  from the one they ana lv~ ed: we •us~.tsued th a t  the macrovar i a~~ es

do uiot -uppear - umong the van abi ~-s ot t h e  m i  cromnodel . ~ t cmn he ar ~uod t hat th u

is the ea se in many instances wh en an aggregation ( 5  perf or m -d.

In obta-n ing  our r e su l ts , we made strong as~ tunpti ons uhout the e q u i l i h r -  un

coidi t ions  in the micromodel. I t  is obvious that  a more ~~ t ’U -r a l  . uswcr to th i

problem should come f rom a less it r u ct u r ed  e q u i l i b r i u m  model for  t h e  micro-

economy . In what follows we will outl ine some d i r e c t i o n s  t o r  f u r t h e r  s tud y .

One direction is connected with the undetermi nanc y ot the aggregat ion

procedure we mentioned above. This  would suggest that~ there are other  f a c t o r s

wh ich we didn ’t take into consideration when aggregating the heterogenous goods

into a homogeneous

Another direction should be the study of the robustness o the •i g r e g i t  u

procedure to changes in the demand , m at t e r  wh ich St’t’Th S to h a s t •~h i l i t v  typ e t

question.

— - . — -. - - -~~~~~ ~ - -~~~~~~ 
_ _ _ _  _ _ _ _  
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Another point of im t t e r e - t  is tht- fac t that  w• - had to i mpose exogeuiously

the form of aggregated model. As Crunteld  and C r i l u c h e s  suggested i t , the

amount of knowledge about the muicroeconomny seemed t o  be a v tu y important

factor in deciding upon the form of the macremodel tar a give-n micromnodel. -~~’~

So in this case again it ;eemns the problems connected with aggregation are

large Lv due to our incomp lete knowledge of the mic roeconomy .

~ 

_ _ _ _ _ _ _
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Footno u.gj

1. In general the object :  of t h e  Aggregation Theory am -c ; a mic rosyste um i ,

a usacrosystani twhich a in general simp lier), and - m aggregation function.

Then an aggreg ation ii consistent (good ) i f  there is no loss of informuatio m-

• working with the macrosystem rather than using the microsystem . For a

more formnmi approach see Ijiri (5 , pp. 766-769] .

1- ~ For the assumptions underl ying the Leontief model a good reference

is Malinvaud [14, pp. l89-pp . 194] . Other references Leontief Eli], [121.

2. Here we adopted Intri ligator ’ s term for this type of production function

lb . pp. 187-189].

3. (8 , pp. 94-95] .

4. Klein ’s rules -are an attempt to “t ransfer” all the charac ter is t ics  of the

micromode l to ummacr omodel and not onl y the numerical  valu of the solut i ons .

5. Good general referenc e. for thi s f i e ld  are [1.1 , En ]  and [161. For a

presentat i on ot  the KMT mo ule l see [7 1.

6. See [7 , pp. l:’9-132] for a stud y of aggregation in a stamudard I~1T model.

7. The eff icienc y properties for  some models of t h e  von Neth -u ann va r ie ty  were

proved by Truchon [261.
5

8. [16 , pp. 204] .

9. [16, pp. 2O3-~O9].

10. For a review of the l i t e ra tu re  in this f ield see [15] and [26 . pp. 12-2 5 1.

11. (7 , pp. 117—1181.

I I 12. An -analysi s  of the implici t  assumptions of the case with parametric demand

can be foun d In (26 , pp. J2-t5 ].

13. As it can be se’en our def in i t ion  i s  a combination between the standard

defini tion [25, pp. ‘~17-5181 , and Fisher ’s definition (3 , pp. 8-12].

~
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14. The concept of generalised inverse and some of i ts  propert~ies are imm

Ei~], [201 .

IS . Tht proof of th is  theorem , is  p artly based on tim e material from one of

out earlier papers .

— 16. Tht sufficient conditions for a Ia’IT model (B ,A
k

) to  have a unique growth

rate are that: B + Ak > 0. See [14, pp. 3 1.
17. Sec (2 , pp. 11-12 , Leusna 2 1 .

18. [1~ , pp. 118-1 11.

1~ . It follows from um the comput at ional  procedur e used to t ind (~~~,q 1 ,p~~) ,

i 1,2. See E1 6 , pp. 53— ’,J .

20 . The conditions for the exi t once of solutions or a I~ 1T model with non-

negative matrices requires that eB - . 0 and •\ 1’ f - . 0 , — ( 1 1) ~ ~ (l ,m ) .

- 
- ru

: c ~ (n,l) These conditions are imp licitly as-mm,ed to be satisiied

L 1J -

in Theorem 3 and they imply that the growth r a t e  must be d i f f e r e n t  than zero .

2 1 .  (9 , pp . 310-3 12] .

2:’ . Fou - an evalua t ion of an app lication ot i npu t — outpu t  an a ly s i s  to  the Dutch

economy see [ ‘2 1 , [26].
23. A -imular result can be found in 1101 .

24. For the case in which mu ‘ , it seems that one way of solving t h i s  1ur ob Lam

is to require that the r e l a t i v e  weigh t of thu ac tua l  re~ enue of a f i r - u  to be

equal to the relative weight of the actual r ”\ - omn me of the corresponding

• sector in the macromnodel , where the actual revenue o f i rm i is

q h p
k 

~~ is the i -th  row of ma t r ix  B.

25. (4 . pp. 101 .

_ _ _  
- — -—- - - -- 
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